Abstract-Closed-form approximations to the expected perterminal signal-to-interference-plus-noise-ratio (SINR) and ergodic sum spectral efficiency of a large multiuser multipleinput multiple-output system are presented. Our analysis assumes correlated Ricean fading with maximum ratio combining on the uplink, where the base station (BS) is equipped with a uniform linear array (ULA) with physical size restrictions. Unlike previous studies, our model caters for the presence of unequal correlation matrices and unequal Rice factors for each terminal. As the number of BS antennas grows without bound, with a finite number of terminals, we derive the limiting expected perterminal SINR and ergodic sum spectral efficiency of the system. Our findings suggest that with restrictions on the size of the ULA, the expected SINR saturates with increasing operating signal-to-noise-ratio (SNR) and BS antennas. Whilst unequal correlation matrices result in higher performance, the presence of strong line-of-sight (LoS) has an opposite effect. Our analysis accommodates changes in system dimensions, SNR, LoS levels, spatial correlation levels and variations in fixed physical spacings of the BS array.
I. INTRODUCTION
The deployment of large numbers of antennas at a cellular base station (BS) to communicate with multiple user terminals has received a considerable amount of attention recently [1, 2] . Specifically, large (a.k.a. massive) multiuser multiple-input multiple-output (MU-MIMO) systems have been shown to achieve orders of magnitude greater performance than conventional MU-MIMO systems, due to their ability to leverage favorable propagation conditions [2] . Nevertheless, the emergence of such systems has posed new engineering challenges which must be overcome before their adoption on a scale commensurate with their true potential. One of the critical issues is accommodating large numbers of antennas in fixed physical spacings [3, 4] . This tends to increase the level of spatial correlation and antenna coupling, as successive elements are placed in close proximity with inter-element spacings less than the desired half-a-wavelength [3] . This is known to cause a detrimental impact on the terminal signal-to-interference-plusnoise-ratio (SINR) and system spectral efficiency. It is thus important to rigorously analyze and evaluate the performance of systems with space-constrained (SC) antenna arrays.
Numerous works have investigated the impact of SC antenna arrays on the performance of large MU-MIMO systems (see e.g., [3] [4] [5] [6] [7] [8] [9] and references therein). Specifically, [3] analyzed the ergodic sum spectral efficiency of large MU-MIMO systems with fixed array dimensions. The authors in [4] demonstrated that multiuser interference does not vanish in SC MU-MIMO systems with growing numbers of antennas. The uplink performance with maximum-ratio combining (MRC), zero-forcing and minimum-mean-squared-error receivers has been analyzed in [5, 7] where the authors derive upper and lower bounds on the ergodic sum spectral efficiency. Moreover, [6, 8, 9 ] investigated the energy efficiency performance of SC systems with various large-scale antenna array topologies considering antenna coupling.
However, very few of the above mentioned studies 1 consider the effects of line-of-sight (LoS) components, which may be a dominant feature in future wireless access with the use of smaller cell sizes, potentially operating in the millimeter-wave (mmWave) frequency bands [11] [12] [13] . Hence, understanding the performance of SC systems with LoS presence, i.e., with Ricean fading is of particular importance. Moreover, the respective channel models in [5, 7, 9] assume that all terminals are seen by the BS array via the same set of incident directions, resulting in common (equal) spatial correlation structures. In reality, differences in the local scattering around the physical location of each terminal gives rise to wide variations in the correlation patterns [14] . In addition to the small interelement spacings, this further contributes to the level of correlation in the channel, impacting the terminal SINR and system spectral efficiency. Thus, to more accurately capture the correlation differences in multiple channels, we consider distinct correlation matrices for each terminal. Motivated by the aforementioned considerations, with a SC uniform linear array (ULA), we present a framework for analyzing the expected per-terminal SINR and ergodic sum spectral efficiency of large MU-MIMO systems with MRC at the BS. Specifically, our main contributions are as follows:
• We analyze the performance of MU-MIMO systems with SC ULAs under correlated Ricean fading channels. In doing so, we extend and generalize the SC channel models presented in [3] [4] [5] [6] [7] [8] [9] to cater for unequal correlation matrices and unequal Rice factors for each terminal. To the best of the authors' knowledge, such generality in the channel model has not previously been considered.
• With MRC at the BS, we derive tight closed-form approximations to the expected per-terminal SINR and ergodic sum spectral efficiency. We show that a SC antenna deployment causes a saturation of the expected SINR with increasing numbers of BS antennas and operating signal-to-noise-ratios (SNRs II. SYSTEM MODEL We consider the uplink of a large MU-MIMO system operating in an urban microcellular (UMi) environment, where L non-cooperative single-antenna user terminals transmit data to M receive antennas at the BS (M L) in the same time-frequency interval. The BS comprises of a ULA with equispaced, omnidirectional antennas. We assume channel knowledge at the BS with narrow-band transmission and no uplink power control. The composite M × 1 received signal at the BS array can be written as α . In particular, denotes the unit-less constant for geometric attenuation at a reference distance r 0 , r l denotes the link distance between the BS array and terminal l, α denotes the attenuation exponent and ζ l models the effects of shadow-fading following a log-normal density, i.e., 10 log 10 (ζ l ) ∼ N 0, σ 2 sh , with σ sh denoting the shadowfading standard deviation. Numerical values for the above are tabulated in Section VI. The L × 1 vector of uplink data symbols from the L terminals is given by s, such that the l-th entry of s, s l has E |s l | 2 = 1. Additive white Gaussian noise entries at the M BS antennas is given by the M × 1 vector n, such that the l-th entry of n, n l ∼ CN 0, σ 2 . We assume that σ 2 = 1, hence the average uplink SNR, defined as ρ/σ 2 = ρ.
A. Channel Model
Previous studies (e.g., [5, 7, 9] ) on large SC MU-MIMO systems consider a physical channel model based on full NLoS propagation conditions, where the BS sees the same set of scattered directions from each terminal. We extend this model to cater for the presence of LoS in the propagation channel, as well as a unique set of scattered directions from each terminal taking into account differences in the local scattering around each terminal. Specifically,
where g l , the l-th column of G contains the M × 1 uplink channel vector from terminal l to the BS array given by
where
In the above, η l andη l balance the amount of power present in the diffuse and specular components of the channel according to the Ricean K-factor, K l , specific to terminal l [15] . Moreover, η l is further scaled by a factor of
to normalize the steering vectors in A l , the M × P receive steering matrix associated with the diffuse components of the channel. Here, P denotes a large yet finite number of diffuse wavefronts. For ULAs
where each vector in (3) is given by
We note that i ∈ {1, . . . , P }, with d denoting the equidistant inter-element spacing normalized by the carrier wavelength, λ; φ l,i ∈ [−Δ/2, Δ/2] denotes the i-th direction-of-arrival (DOA) from terminal l to the BS array and Δ is the angular spread in the azimuth domain. With such a model, the angular spread can be modeled by having a large P , whilst different degrees of receive correlation are adjusted by varying the angular spread. Moreover, h l ∼ CN (0, I P ) is the P ×1 vector of diffuse channel gains, whilsth l is the M ×1 vector denoting the specular component of the channel and is governed by the ULA's steering response with a LoS DoA,φ l for terminal l, such that
Remark 1. For both a (φ l,i ) andh l , we note that the normalized total array length, d 0 , is fixed at the BS, such that the inter-element spacing between two successive elements is given by d = d0 M −1 λ. Since the physical dimensions of the BS array are predetermined, the above model accurately allows us to capture the correlation due to close proximity of adjacent antenna elements positioned at the array. This along with the unique correlation matrices for each terminal created by the A l for l ∈ {1, . . . , L} constitutes our focus in the following sections. We note that in this study, we neglect the effects of antenna coupling, since they can be compensated by impedance matching techniques as shown in [6, 16] .
To determine the level of LoS and NLoS present in the propagation channel from a given terminal to the BS, we employ a probability based approach following [12] . Both LoS and NLoS probabilities are a function of the link distance, from which the LoS and NLoS geometric attenuation, as well as other link characteristics are obtained. We consider propagation parameters from both microwave [17] and mmWave [10] frequency bands. For notational clarity, we delay the discussion of the above mentioned parameters to Section VI.
B. Per-Terminal SINR and Ergodic Sum Spectral Efficiency
As linear signal processing techniques perform near optimally for large MU-MIMO systems [1, 2] , we employ a linear receiver in the form of a MRC at the BS. The L × M MRC matrix, G H , is used to separate y into L streams by
Thus, the detected signal from terminal l is given by
resulting in the corresponding SINR given by
Hence, the instantaneous achievable uplink spectral efficiency for terminal l (measured in bits/sec/Hz) can be computed as R l = log 2 (1 + SINR l ). As such, the ergodic sum spectral efficiency over all L terminals is given by
where the expectation is performed over the fast-fading. In the following section, we derive tight analytical expressions to approximate the expected value of (8) and (9), respectively.
III. EXPECTED PER-TERMINAL SINR AND ERGODIC SUM SPECTRAL EFFICIENCY ANALYSIS
The expected SINR for terminal l can be obtained by taking the expectation of the ratio in (8) . However, exact evaluation of this is extremely cumbersome [18, 19] . Hence, we resort to the commonly used first-order Delta expansion, as shown in [18, 19] and references therein. This gives
Remark 2. The approximation in (10) is of the form of
The accuracy of such approximations relies on Y having a small variance relative to its mean. This can be seen by applying a multivariate Taylor series expansion of
, as shown in the analysis methodology of [18] . In particular, both X and Y are well suited to this approximation as M and L start to increase (the case for large MU-MIMO systems), where the approximation is shown to be extremely tight. This is due to X and Y averaging their respective individual components, minimizing their variance relative to their mean. For further discussion, we refer the interested reader to Appendix I of [18] , where a detailed mathematical proof of the approximation accuracy can be found.
In the sequel, Lemmas 1, 2 and 3 derive the expectations in the numerator and denominator of (10).
Lemma 1. For a ULA with M antennas in a fixed physical space at the BS, considering a correlated Ricean fading channel in g l from terminal l to the BS
where each parameter is defined after (2).
Proof: See Appendix A. Lemma 2. Under the same conditions as Lemma 1,
Proof: We begin by substituting the definition of g l into χ l and expanding, allowing us to write
lhl . (14) Performing the expectations with respect to h l and extracting the relevant constants yields
concluding the proof. Theorem 1. With MRC at the BS consisting of a spaceconstrained ULA, the expected uplink SINR of terminal l in a spatially correlated Ricean fading channel can be approximated as
Proof: Substituting the results from Lemmas 1, 2 and 3 for δ l , ϕ l,k and χ l yields the desired expression in (17) .
Remark 3. The result in (17) is extremely general and is a closed-form solution to a complex scenario, where in addition to fixed physical spacing and MRC at the BS, each terminal has a unique LoS direction, unique Rice factor, unique receive correlation matrix and a unique link gain. It can be readily observed via inspection, that both the numerator and the denominator of (17) are influenced by each of the above factors. The result allows for a general evaluation of large MU-MIMO systems with space-constrained ULAs and lends itself to many useful special cases (as shown in Section IV).
We note that (17) can be further used to approximate the ergodic sum spectral efficiency of the system by
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The accuracy of the derived closed-form expressions in (17) and (18) is demonstrated in Section VI. In the following section, we present three special cases of Theorem 1 demonstrating its generality. IV. SPECIAL CASES Corollary 1. With MRC at the BS consisting of a SC ULA, the expected uplink SINR of terminal l with no LoS, i.e, Rayleigh fading with unequal correlation matrices for each terminal, can be approximated as
(19) Proof: Substituting δ l , χ l and ϕ l into (17) and settinḡ
. . , L} yielding the desired expression.
Corollary 2 (Proposition 1 in [7] ). With MRC processing at the BS containing of a SC ULA, the expected uplink SINR for terminal l with no LoS and equal correlation matrices, i.e., Rayleigh fading with a fixed correlation for each terminal, can be approximated as
Proof: Following the approach outlined in the proof of Corollary 1 and recognizing that tr
2 yields the desired result.
Corollary 3. With MRC at the BS consisting of a SC ULA, the expected uplink SINR of terminal l with LoS i.e., correlated Ricean fading, with equal correlation matrices for each terminal can be approximated as
Proof:
the desired expression in (21). We note that δ l and χ l are as defined in (11) and (13), respectively. Remark 4. Corollaries 1 and 2 share a common trend in that both the numerators and denominators are governed by spatial correlation matrices in A l and A k , respectively. In the case where correlation matrices are fixed for each terminal, the trace in their respective denominators can be readily seen to translate from tr
2 . In the subsequent section, we analyze the convergence of the expected per-terminal SINR and ergodic spectral efficiency with MRC, as the number of receive antennas, M , grows without bound with a fixed number of user terminals, L.
V. LIMITING EXPECTED PER-TERMINAL SINR AND
ERGODIC SUM SPECTRAL EFFICIENCY ANALYSIS Theorem 1 presents an expected uplink SINR approximation for terminal l which is suitable for any system size, as well as any operating SNR, LoS level, spatial correlation level and physical array spacing. We now examine the asymptotic behavior of (17), as M → ∞, with a fixed (finite) L. Dividing through by M 2 throughout, we observe the limit as
(23) Referring to the numerator of (23), two terms in
and δ
do not vanish from δ l as M grows without bound, whilst the denominator of (23) has four terms, these are
and ϕ
In the sequel, Lemmas 4, 5 and 6 derive the limiting value of (24)- (29), respectively.
where ϑ φ l ,φ k = sinc πd 0 sin φ l − sin φ k λ , where sinc (·) denotes the sinc function.
Proof: We begin by defining
yielding the desired result.
Remark 5. The expression in (30) is another closed-form solution and can be readily seen to be dependent on the respective LoS angles unique to terminals l and k.
Lemma 5. lim
Proof: Using similar methodology as in the proof of Lemma 4, we recognize that
Substituting the specular and diffuse angles,φ l and φ k,r with r ∈ {1, . . . , P }, corresponding toh l and A k , yields (33). Remark 6. We note that as ϕ (27) and (25).
Proof: Manipulating the trace in (34) allows us to state
Substituting the respective angles and performing some routine algebra yields the desired result. Remark 7. We note that as δ Theorem 2. The limiting uplink SINR for terminal l with MRC and a SC ULA at the BS can be written as
Proof: Using the results from Lemmas 4, 5, 6 and keeping in mind Remarks 6 and 7 yields the desired expression.
As such the limiting ergodic sum spectral efficiency is given by
In the following section, we demonstrate the accuracy of the analysis presented in Sections III, IV and V, respectively.
VI. NUMERICAL RESULTS Unless otherwise specified, the parameters used in the numerical results are specified in Table I for an UMi scenario. The parameters for microwave and mmWave frequencies were obtained from from [17] and [10] , respectively. A circular cell of radius 100 m is considered with an exclusion radius of r 0 = 10 m. We assume a uniform distribution of terminals in the cell area and consider 10 4 Monte-Carlo realizations for each result. The parameter is chosen such that the fifth percentile value of the instantaneous per-terminal SINR is 0 dB at SNR (ρ) = 0 dB for the system dimensions of M = 256 and L = 32. Based on the link distance, r l , we employ a probability based approach in determining whether the terminal experiences LoS or NLoS conditions on the uplink to the BS. For the microwave case, the probability of terminal l experiencing LoS is governed by P LoS (r l ) = (min (18/r l , 1) 1 − e −r l /36 ) + e −r l /36 . Naturally, the probability of the terminal experiencing NLoS is then determined by P NLoS = 1 − P LoS . Equivalently, for the mmWave case [10] , P LoS (r l ) = (1 − P out (r l )) e −ωLoS r l , where 1/ω LoS = 67.1 meters and P out is the outage probability, occurring when the attenuation in either the LoS or NLoS states is sufficiently large. For simplicity, we set P out = 0 when determining the LoS and NLoS probabilities. Upon determining the link state of each terminal, we select the corresponding link parameters to model the large-scale propagation effects of geometric attenuation and shadow-fading, as specified in Table I . We assign a unique K-factor, K l , for the l-th user terminal from a log-normal distribution with the mean and standard deviation specified in Table I . We refer to this as K l ∼ ln (mean, standard deviation).
First, the accuracy of the proposed expected per-terminal SINR in (17) is examined. Fig. 1 illustrates the expected SINR of a given terminal as a function of ρ (SNR) for a system with M = 256 and L = 32, P = 50 and d 0 = 8λ. In addition to the microwave and mmWave cases, we consider the correlated Rayleigh fading case for comparison purposes. We also consider the case where each terminal is assigned a fixed K-factor of 5 dB. Three trends can be observed: Firstly, transitioning from large to small angular spread (Δ ∼ u[
]) tends to significantly reduce the expected SINR for all cases. This is despite the fact that the ULA contains very large numbers of antenna elements at the BS, and is due to the reduction in the spatial diversity (rank) of the channel, allowing the BS array to only see a very narrow spread of incoming power. Secondly, increasing the mean of K has an adverse effect on the expected SINR. This is because a stronger specular component in the channel tends to reduce the multipath diversity and in-turn reduces its overall rank. Equivalently, this can be interpreted as an increase in the level of inter-terminal interference leading to a lower expected perterminal SINR. Third, our proposed approximations are seen to remain extremely tight for the entire SNR range for all cases. The analytical expressions are also seen to remain tight for the special case presented in (19) , where each terminal undergoes Rayleigh fading with unequal correlation matrices. Furthermore, the expected SINR in each case is seen to saturate with growing SNR, due to the inability of the MRC to mitigate inter-terminal interference.
Considering the special cases in (20) and (21), we now examine the influence of LoS, as well as equal and unequal correlation matrices on the ergodic sum spectral efficiency, as shown in Fig. 2 . Using the same propagation parameters from Fig. 1 , (listed in the figure caption) at ρ (SNR)= 10 dB, we compare the cumulative distribution functions (CDFs) of the derived ergodic sum spectral efficiency approximation in (18) with its simulated counterparts. We note that the CDF is obtained by averaging over the fast-fading in the channel with each value representing the variations in the link gains and Kfactors. We notice that irrespective of the underlaying propagation characteristics (Rayleigh or Ricean fading), unequal correlation matrices results in a higher ergodic sum spectral efficiency of the system allowing the ULA to leverage a larger amount of spatial diversity. Furthermore, we again observe that a stronger specular component tends to decrease the ergodic sum spectral efficiency. The derived approximations are robust to the presence of equal and unequal correlation matrices, as well as changes in the level of LoS. We also evaluate the accuracy of the limiting expected SINR expression derived in (36), with growing numbers of BS antennas and a fixed number of terminals in the system at L = 32. Three trends can be observed: After recognizing that increasing M increases the expected SINR, for each case the expected SINR slowly saturates with growing M and approaches its limiting value at approximately 500 antenna elements for each case, respectively. This is a result of channels from multiple terminals becoming asymptotically orthogonal. Secondly, decreasing the physical size of the array further reduces the inter-element spacing translating into a reduction in the expected SINR for all cases respectively. Finally, we can observe that each case converges to the derived limiting value. VII. CONCLUSION In this paper, we investigated the uplink performance of large MU-MIMO systems under spatially correlated Ricean fading, with ULAs at the BS employed in a fixed physical space. Closed-form approximations to the expected perterminal SINR and ergodic sum spectral efficiency are derived with MRC processing at the BS. In the limit of a large number of BS antennas, asymptotic expressions for the expected per-terminal SINR and ergodic sum spectral efficiency were derived. Our numerical results show that with constraints on the physical size of the ULA, the expected SINR saturated with increasing SNR and BS antenna numbers. The analysis accommodates to changes in system dimensions, operating SNR, LoS levels, spatial correlation levels and variation in fixed physical spacings. Unequal correlation matrices to each terminal resulted in a performance increase, whilst LoS had an adverse impact on system performance.
